
Ex. evaluation by substitution
Let F denote “rec fac (fun x -> if x=0 then 1 else x * fac(x-1))”.

let fac = F in fac 2 ⇓ 2

F ⇓ fun x -> if x=0 then 1 else x * F(x-1)
(fun x -> if x=0 then 1 else x * F(x-1)) 2 ⇓ 2

fun x -> if x=0 then 1 else x*F(x-1) ⇓ fun x -> if x=0 then 1 else x*F(x-1)

2 ⇓ 2
if 2=0 then 1 else 2 * F(2-1) ⇓ 2

2=0 ⇓ False

2 ⇓ 2

0 ⇓ 0

2 * F(2-1) ⇓ 2

2 ⇓ 2

F(2-1) ⇓ 1

F ⇓ fun x -> if x=0 then 1 else x * F(x-1)
2-1 ⇓ 1

2 ⇓ 2

1 ⇓ 1

if 1=0 then 1 else 1 * F(1-1) ⇓ 1

1=0 ⇓ false

1 ⇓ 1
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0 ⇓ 0

1 * F(1-1) ⇓ 1

1 ⇓ 1

F(1-1) ⇓ 1

F ⇓ fun x -> if x=0 then 1 else x * F(x-1)
(1-1) ⇓ 0

1 ⇓ 1

1 ⇓ 1

if 0=0 then 1 else 0 * F(0-1) ⇓ 1

0=0 ⇓ true

0 ⇓ 0

0 ⇓ 0

1 ⇓ 1
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Evaluation in environment model
Let F denote “rec fac (fun x -> if x=0 then 1 else x * fac(x-1))”.

let fac = F in fac 2, ∅ ⇓ 2

F , ∅ ⇓ < F, ∅ >
fac 2, ρ1 ⇓ 2 (ρ1 = {fac 7→< F, ∅ >})

fac, ρ1 ⇓ < F, ∅ >
2, ρ1 ⇓ 2
if x=0 then 1 else x * fac(x-1), ρ2 ⇓ 2 (ρ2 = ρ1[x 7→2])

x=0, ρ2 ⇓ False

x, ρ2 ⇓ 2

0, ρ2 ⇓ 0

x * fac(x-1), ρ2 ⇓ 2

x, ρ2 ⇓ 2

fac(x-1), ρ2 ⇓ 1

fac, ρ2 ⇓ < F, ∅ >
x-1, ρ2 ⇓ 1

x, ρ2 ⇓ 2

1, ρ2 ⇓ 1

if x=0 then 1 else x * fac(x-1), ρ3 ⇓ 1 (ρ3 = ρ1[x7→1])

x=0, ρ3 ⇓ false

x, ρ3 ⇓ 1
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0, ρ3 ⇓ 0

x * fac(x-1), ρ3 ⇓ 1

x, ρ3 ⇓ 1

fac(x-1), ρ3 ⇓ 1

fac, ρ3 ⇓ < F, ∅ >
x-1, ρ3 ⇓ 0

x, ρ3 ⇓ 1

1, ρ3 ⇓ 1

if x=0 then 1 else x * fac(x-1), ρ4 ⇓ 1 (ρ4 = ρ1[x 7→0])

x=0, ρ4 ⇓ true

x, ρ4 ⇓ 0

0, ρ4 ⇓ 0

1, ρ4 ⇓ 1

CS 421 — Class 19, 3/29/12 — 4


