L
oOop proving examglsjl_ s & it
r=nAy=1{ 010;-'“‘\0,\,( = \fahot,
x—-1

while (x!=0) {y = y*x; x = j 7%y
}y = nl / Sronm

e Invariant I: Y= (xx1y e oo I/ el
. &fjoxotx Xl >y =

] ] 1 M = (Yo"l)'"-
e | is an invariant j, ) (n*o e (ur 3“
e | holds at the start: X=", * °~*f4j
= - -
e Q holds at the end: y- [~ "N N X 0= y= /-3

r.y.n) = X
.T('I:ayan) - ( J )o? “nz20"
e T(x,y,n) = O: Ld'r ‘sz w har fj W o pre- con daNm )

h T(.l‘_, y,n) < T(IOa Yo n)- CQDQ:_& , X Ro cretas An
e.,.ej 'h"ia\«ﬂ?‘-"\r\
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Loop proving example 2

a:lis/\b:(){
while (a '= [1) { b =b + hd(a); a = t1(a); }
} b= Xlis

e Invariant I: L = S be - S a ‘
Ab=LiNa 2 a:Ra, >L-2l"3a

e I is an invariant: L,=2 k29,
e I holds at the start: L= 0 = 2 “ -2 5 U
e () holds at the end: a=11> ‘SL'—ZQ -

® T(a,blis) = [a '

® T(a,blis) > O: /-“"D% &I a
® T(a,b, lis) < T(agp,bo,lis): S 7 ,.f o Jowea 'ij@dfm

bt ojwa-?, 2 O
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Loop proving example 3

a>0Ab>0ANa=xNb=y
{ while (a !'= b) if (a > b) a = a - b;
X
else b = b - a; } a = ged(@, é)

e Invariant I: ij/a,L) = ]co’(X,j)
n>m :b)u' (n/ m) = j(oo(“

- wA )
e [ is an invariant: ~Ths sism /

e | holds at the start: a=Yy "\”‘j = 7“'0(“/\) B ]'J /,,7')
e Q holds at the end: a=b = & = )"'/“/L)

e T(a,b,z.y) = o +b

- _ 0 b - ba | oé’T‘\ve,a»:»o weM
e T(a,b,x,y) = 0: awaJ ﬁ{gﬁz.vd?fmdb /w% /f*

® T(a,b,z,y) < T(ao,bo,x,y :£L%4 a & b v Muw.ucg " -D‘(L
"f\'b.f}im/ w‘»:’l*{'v o‘#su o %C;\‘?’J
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Loop proving example 4

r=0ANy=0{
while (y < n) {y =y + 1; x:=x + y; }
te=14+---+mn

2

e Invariant I: X= Z- {
t:l o‘ _y + — XS.%- ':

e | is an invariant: Xo“-i__,t A j;j"” A X=X ] (=1

e | holds at the start: 2 o Mrﬁnﬁ* =0

L
® (Q holds at the end: {=" > X= ;:2;
e T'(r,y,n) = Nh-J

® T(x,y,n) > 0: Lovp endo whae Y=7

e T(x,y,n) < T(xog.yo.n): Cogw,y‘j I, UM Q,‘,n,7 [}h:‘:l"m
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Loop proving example 5

r=0ANy=1Az=1An=>1{
while (z '=n) { y=x+y; XxX=y - %x; z=2 + 1; ]
} v = fib(n)

e Invarian » = (?) A XK= /?") _
T t I: Y er 347“{:‘_‘) :75}(4“)-‘)“(‘)

e | is an invariant: ?(:{;f:o: #(%»%Ph,-‘)-)‘—#(?o")-‘f‘l(?o)fzuh")
e I holds at the start: ‘Fl(u)' ) -["4 (c)-0

o Q holds at the end: Twmads~t

® T'(x,y,z.n) = N-¢

® T(z,y,2,n) > 0: Log Jrnen T wha Z =V

e T(.r, Y, -.71) < T(-’I’O.yo,zn,n): C,Q.DOJL

]
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Loop proving exam \
x=Ist N y=0{ (IJA"""O'\ F\ )Q,u-jjd‘)-)

while (x !'= [1) { x =tl x; y =y + 1; }
} v = length(lst)

e Invariant I:

) - Ix)
g 1t it - 260

>
e I is an invariant: Yo~ lLf} IY") j”

= |at) — et

e | holds at the start: ,
,(jt) | < ) = At

e () holds at the end: x-= m =
e T(x,y.lst) = |x)

e T(x,y,lst) > 0O: ’ %&’ t=t f > O

o T(x,y, lst) < T(xo.yo.lst): (Lean
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Loop proving example 7
x=Ist Ny=1[{

while (x '= [1) { y = hd x :: y; x = t1l x; }
} v = reverse(lst)

_ .t
e Invariant I: r€Vvirés (7) e X = L" X "
Wt ~ .
e I is an invariant: ™ /jo) e (%% ) = rw(’(o jo) X

e I holds at the start: Y- []= rev (7)-‘f7=" "}(j)e)‘-‘?‘

e QQ holds at the end: x={) = ¥ (Lt)

N ren (y)= Lt = 9= ™
o T(x,y.lst) = ||

0: oo ohove

o T(x,y. lst) < T(xg,yo.lst): o an

® T(‘Ta Y, IQf)

W/
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Hoare logic

® C.A.R. Hoare presented a logic — axioms and rules of
inference, similar to SOS rules — for proving Hoare triples.

CS 421

(Assignment) Ple/x| { o =e¢ } P (While) P { while (b) S} Q
IAb{SY}I

(if PAb>o T and P —b D Q)

(Sequence) P{S:58}Q (If) P {if (b) S, else Su } Q
[’{S]}Il’ 1’/’\’){5]}(2
R{S1Q PA-b{S:}Q

(Consequence) P { S } Q
P{S}
(if P> P and Q' 2 Q)
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