
Problem Set 4Fall 11Due: Thursday, 20th O
tober, 2011, 11:00 am before 
lass beginsPlease follow the homework format guidelines posted on the 
lass web page:http://www.
s.illinois.edu/
lass/fa11/
s373/Also, note that Problem 5 is an extra 
redit question.1. [Category: Non-regularity, Points: 30℄Prove the following languages are not regular, from �rst prin
iples, using the Myhill-Nerode Theorem or using the pumping lemma.You 
annot assume the non-regularity of any language to solve this problem.(a) L = {w ∈ {a, b}∗ | Nb(w) = 2Na(w)} is non-regular. (Na(w) denotes the numberof a's in w; hen
e L 
ontains all words over {a, b} in whi
h the number of a's ispre
isely twi
e the number of b's.)Solution:Proof using the pumping lemmaAssume L is regular. Then the pumping lemma applies to L. Let p be thenumber that satisfying the pumping lemma's 
onsequen
e. Consider the string
s = apb2p. It is 
lear that s ∈ L and |s| > p. Now let x, y, z ∈ Σ∗ be any threewords su
h that s = xyz, |xy| ≤ p, and |y| > 0. Then both x and y 
onsistof as; let y = aj(j ≥ 1). Set n = 0. Then xynz = xy0z = ap−jb2p 6∈ L as as
Nb(xy

0z) = 2p > 2(p − j) = 2Na(xy
0z). This 
ontradi
ts the pumping lemma.The 
ontradi
tion shows that the assumption that L is regular is false. Hen
e Lis not regular.Proof using Myhill-Nerode TheoremLet S = {ai | i ≥ 0}. Clearly S is in�nite. Let x = ai and y = aj be two di�erentelements in S. Without loss of generality, assume that i < j. Now 
hoose z = b2j .Then xz = aib2j 6∈ L but yz = ajb2j ∈ L. Hen
e [L/x] does not 
ontain z but

[L/y] 
ontains z. Hen
e the su�x languages [L/x] and [L/y] are di�erent, forevery x, y ∈ S, x 6= y. Hen
e there are in�nitely many su�x languages for L, andby Myhill-Nerode Theorem, L is not regular.(b) L = {0i
2+1|i ≥ 0}Solution:Proof using the pumping lemmaAssume L is regular.Then the pumping lemma applies to L.1
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Let p be the number that satisfying the pumping lemma's 
onsequen
e.Consider the string s = 0p
2+1. It is 
lear that s ∈ L and |s| > p.Now let x, y, z be any three words su
h that s = xyz, |xy| ≤ p, and |y| ≥ 1.Let |x| = i, |y| = j, and |z| = k. Then p2 +1 = i+ j+ k and j > 1 and i+ j < p.Set n = 2. Then the pumping lemma 
onsequen
e says that xy2z ∈ L.Clearly, the next longer word in L (shortest word in L that is longer than |s|) isof length (p+ 1)2 + 1 = p2 + 2p+ 2.Now, |xy2z| = i+ 2j + k = (p2 + 1) + j < p2 + 2p+ 1 sin
e j < p.Also, |xy2z| > p2 + 1, sin
e j > 1.Hen
e the length of |xy2z| falls stri
tly between p2 + 1 and (p + 1)2 + 1.So |xy2z| 
annot be of the form h2 + 1, and hen
e xy2z 6 inL. This 
ontradi
tsthe pumping lemma.So L 
annot be regular.Proof using Myhill-Nerode TheoremLet S = {0i

2+1 | i ≥ 0}. Clearly S is in�nite.Let x = 0i
2+1 and y = 0j

2+1 be two di�erent elements in S.Without loss of generality, assume that i < j.Now 
hoose z = 02i+1.Then xz = 0i
2+102i+1 = 0(i+1)2+1 ∈ L but yz = 0j

2+102i+1 = 0j
2+2i+2 6∈ L, sin
e

j2 + 1 < j2 + 2i+ 2 < (j + 1)2 + 1.Hen
e z ∈ [L/x] and z 6∈ [L/y].Hen
e the su�x languages [L/x℄ and [L/y] are di�erent.Hen
e there are in�nitely many su�x languages for L and, by MNT L is notregular.(
) Consider the following language L over the alphabet {0, 1}:
L = {wtw | w, t ∈ {0, 1}+}(Re
all, {0, 1}+ is the set of all binary strings not in
luding ǫ; i.e. {0, 1}+ =

{0, 1}.{0, 1}∗.) Thus, 111011 ∈ L, be
ause 111011 = 11.10.11. On the otherhand, 10100 6∈ L be
ause there is no length i > 0 su
h that the �rst i symbols arethe same as the last i symbols.Solution:Proof using the pumping lemmaAssume L is regular.Then the pumping lemma applies to L.Let p be the number that satisfying the pumping lemma's 
onsequen
e.Consider the string s = 0p1p10p1p. It is 
lear that s ∈ L be
ause 0p1p10p1p =
(0p1p)1(0p1p). By the pumping lemma, we know that there exist a division s =
xyz, |xy| ≤ p, and |y| ≥ 1. Hen
e both x and y 
onsist of 0s, say x = 0i,2



y = 0j(j ≥ 1). By the pumping lemma, xy2z = 0p+j1p10p1p also belongs to L.But this is not true, be
ause for arbitrary 0 < k ≤ p, the �rst k symbols are 0kwhile the last k symbols are 1k; for arbitrary k > p, the �rst k symbols start withmore than p 0s, but in the last k symbols, the longest sequen
e of 0s is only 0p.The 
ontradi
tion 
on
ludes the proof.Proof using Myhill-Nerode TheoremLet S = {0i1i1 | i > 0}. Clearly S is in�nite. Let x = 0i1i1 and y = 0j1j1 betwo di�erent elements in S. Without loss of generality, assume that i < j. Now
hoose z = 0i1i. Then xz = 0i1i10i1i ∈ L but yz = 0j1j10i1i 6∈ L, be
ause it isnot of the form wtw for any w, t ∈ Σ+. The latter is true be
ause for arbitrary
0 < k ≤ i, the �rst k symbols of yz are 0k while the last k symbols are 1k (hen
eleaving no 
hoi
e for w); and for arbitrary k > i, the �rst k symbols start withmore than i 0s, but in the last k symbols, the longest sequen
e of 0s is only 0i.Hen
e x and y are distinguishable w.r.t. L.I.e. z ∈ [L/x] and z 6∈ [L/y].Hen
e [L/x] and [L/y] are di�erent, for every x, y ∈ S, x 6= y.Hen
e there are in�nitely many su�x languages for L. and by MNT, we L is notregular.2. [Category: Non-regularity using 
losure properties, Points: 20℄Prove that the following languages are not regular using only 
losure properties (you
annot use the Pumping Lemma or the MNT te
hnique). You may assume that regularlanguages are 
losed under union, interse
tion, 
on
atenation, Kleene-*, 
omplement,and reverse. The only language you 
an assume non-regular is {0n1n | n ≥ 0}.(a) Leq = {w ∈ {0, 1}∗ | N0(w) = N1(w)} (N0(w) denotes the number of 0's in w and
N1(w) denotes the number of 1's in w)Solution:Assume Leq is regular. Then by 
losure properties A = Leq ∩ L(0∗1∗) is regulartoo. Note that all the strings in A must be of the form 0n1n, where n ≥ 0. Hen
e
A = {0n1n | n ≥ 0}. But we know that this set is not regular and therefore wehave got a 
ontradi
tion. So Leq is not regular.(b) L2 = {02n12n | n ≥ 0}Solution:Assume L2 is regular. Then by 
losure properties A = L2 ∪ ({0}L2{1}) is regulartoo. Now note that all the strings of the form 0n1n, where n ≥ 0 are in A(when n is even 0n1n ∈ L2 and when n is odd 0n1n ∈ ({0}L2{1})), therefore3



A = {0n1n | n ≥ 0}. But we know that this last set is not regular and thereforewe have got a 
ontradi
tion. So L2 is not regular.
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3. [Category: Su�x Language, Points: 20℄
p0 p1 p2 p3

a, b

c

a, b

c

a, b

c

a, b

c

(a) For ea
h state q in the above DFA, give the language a

epted from q (i.e. Lq).Also, for ea
h state q, give a string x su
h that Lq = JL/xK.(b) Prove that all the languages de�ned by the states are di�erent: for ea
h pair ofstates q, q′, show that Lq 6= Lq′ , by giving a string that belongs to one languagebut not the other. Note that you need to give 6 su
h strings, one for ea
h pair oflanguages.(
) Is this DFA a minimal DFA for the language it a

epts? Why?Solution:Rubri
: 1.5 points for ea
h answer in part a and b; 5 points for 
, no partial 
redit.(a) JL/ǫK = Lp0 = (a + b)∗c(a + b)∗c(a+ b)∗c(a+ b)∗

JL/cK = Lp1 = (a+ b)∗c(a+ b)∗c(a+ b)∗

JL/ccK = Lp2 = (a+ b)∗c(a+ b)∗

JL/cccK = Lp3 = (a+ b)∗(b) ccc ∈ Lp0 but ccc /∈ Lp1

ccc ∈ Lp0 but ccc /∈ Lp2

ccc ∈ Lp0 but ccc /∈ Lp3

cc ∈ Lp1 but ccc /∈ Lp2

cc ∈ Lp1 but ccc /∈ Lp3

c ∈ Lp2 but ccc /∈ Lp3(
) Yes, sin
e all su�x languages are disjoint.
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