
Problem Set 2Fall 11Due: 27th September, 2011, 11:00 am before lass beginsPlease follow the homework format guidelines posted on the lass web page:http://www.s.illinois.edu/lass/fa11/s373/Also, note that Problem 6 is an extra redit question.1. [Category: NFA Comprehension, Points: 20℄Consider the following NFA M .
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(a) Formally show that M aepts the string w1 = abaaab and string w2 = babaab.(b) Give a formal de�nition of the language that M reognizes. Brie�y desribe why
M reognizes it.Solution:(a) Note that w1 = abaaab = ǫabaab. A sequene of states aepting this represen-tation is qs, p1, p1, p1, p2, p3, p4. In this sequene, qs is the initial state and p4 isa �nal state. Moreover, p1 ∈ δ(qs, ǫ), p1 ∈ δ(p1, a), p1 ∈ δ(p1, b), p2 ∈ δ(p1, a),
p3 ∈ δ(p2, a), and p4 ∈ δ(p3, b). Therefore, by de�nition of aeptane in NFA, Maepts w1.Note that w2 = babaab = ǫbabaab. A sequene of states aepting this rep-resentation is qs, q1, q2, q3, q4, q4, q4, q4. In this sequene, qs is the initial stateand q4 is a �nal state. Moreover, q1 ∈ δ(qs, ǫ), q2 ∈ δ(q1, b), q3 ∈ δ(q2, a),1
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q4 ∈ δ(q3, b), q4 ∈ δ(q4, a), q4 ∈ δ(q4, a), and q4 ∈ δ(q4, b). Therefore, by de�nitionof aeptane in NFA, M aepts w2.(b) The language of M is the set of strings over Σ = {a, b} that either begins with
bab or ends with aab.2. [Category: NFA Constrution, Points: 20℄Construt a non-deterministi �nite automata that aepts the language {01, 012}∗over the alphabet, {0, 1, 2}. Your automata should ontain only three states.Hint: Think nondeterminism, and ǫ is your friend.Solution:

S q0 q1
0 1

2, ǫ

3. [Category: Constrution, Points: 20℄For a string w, the reverse of w is de�ned as the string obtained by reading s fromright to left, denoted by w−1. For example, if w = abc, then w−1 = cba; if w = abab,then w−1 = baba.For a language L, the reverse of L is de�ned as the language
reverse(L) = {w−1 | w ∈ L}Let A = {Q,Σ, δ, q0, F} be a DFA aepting L, onstrut an NFA B with no morethan |Q| + 1 states that will aept reverse(L). Give the formal de�nition of B (intuple notation, no diagram). You should also argue how/why this NFA works (intuitiveexplanation is enough). 2



Solution:Intuitively, B an be onstruted by reverse eah transition in A, and then exhangethe initial state and the �nal states. Note that the resulting automaton is non-deterministi, in general. (If δ(p, a) = q and δ(p′, a) = q, then reverse transitionsfrom q will non-deterministially go to p1 and p2.) However, there is a problem. Sine
A might has multiple �nal states, the reversed automaton will have multiple initialstates, whih is not allowed. Thanks to the nondeterminism in an NFA, we an guessthe initial state. The idea is as follows: We introdue a new state qs, whih is theunique initial state. Also we add an ǫ-transition from qs to eah state that is �nal in
A).Formally, if A = {Q,Σ, δ, q0, F}, we onstrut B = {Q ∪ {qs},Σ, δrev, qs, {q0}}, where
qs is a new state that is not in Q, and where δrev is de�ned as

• δrev(qs, ǫ) = F

• δrev(qs, a) = ∅ for every a ∈ Σ

• δrev(q, ǫ) = ∅ for every q ∈ Q

• δrev(q, a) = {q′ | δ(q′, a) = q} for every q ∈ QThen B aepts reverse(L).4. [Category: Regular Expressions, Points: 4+4+4+8℄Give a regular expression for eah of the following languages; the alphabet is {a, b}.
• The set of all words that end with a b.
• The set of all words that begin with aa and end with ab.
• The set of all words suh that every ourrene of a is immediately followed by a
b.

• The set of all words suh that the number of hanges from a to b is the same asthe number of hanges from b to a when read left to right.(E.g., aabbbabbbba is in the language, as there are two plaes where a's hange to
b's and two plaes where b's hange to a's; however, aabbbab is not in the languageas a's hange to b's twie, while b's hange to a's only one).Solution:

• (a + b)∗b

• aa(a + b)∗ab

• (b+ ab)∗ 3



• (a.a∗.b.b∗)∗.(a.a∗) + (b.b∗.a.a∗)∗.(b.b∗) + ǫThe �rst expression desribes those words in the language that start with an a,while the seond expression desribes those words that start with a b. Epsilon isalso in the language.5. [Category: NFA to DFA Conversion, Points: 20℄Convert the following NFA to a DFA using the subset onstrution, and show the statediagram.
p1

p3

p2

p4

a

a

a

a

ab

a

b

You an hek your answer (if you wish) by feeding a DFA to the website:http://pub.ist.a.at/automata_tutor/solve?pid=16However, the site does not hek if you are desribing a DFA; also note that you willlose points if you do not follow the subset onstrution.Solution:
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6. [Category: Extra Credit:, Points: 20℄Give a language L over the alphabet Σ = {a, b} suh that any DFA aepting L requiresat least 3 �nal states. Prove that the language L you give has this property.
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